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Periodic Motion and Oscillatory motion

If a body repeats its motion along a certain path, about a fixed point, at a definite interval
of time, it is said to have a periodic motion

If a body moves to and fro, back and forth, or up and down about a fixed point in a definite
interval of time, such motion is called an oscillatory motion. The body performing such
motion is called an oscillator.

Simple Harmonic Motion
The periodic motion of a body about a fixed point, on a linear path, under the influence of
the force acting towards the fixed point and proportional to displacement of the body
from the fixed point is called a simple harmonic motion (SHM)
A body performing simple harmonic motion is known as Simple Harmonic Oscillator (SHO)
Simple harmonic motion is a special type of periodic motion in which
(i) The particle oscillates on a straight line.
(ii) The acceleration of the particle is always directed towards a fixed point on the
straight line.
(iii)  The magnitude of acceleration is proportional to the displacement of the
particle from fixed point.

A ———
L . . * }{
M 0 P N

This fixed point is called the centre of the oscillation or mean position. Taking this point as
origin “O”.

The maximum displacement of oscillator on either side of the mean position is called
amplitude denoted by A

The time required to complete one oscillation is known as periodic time (T) of oscillator
In other words, the least time interval of time after which the periodic motion of an
oscillator repeat itself is called a periodic time of the oscillator. Distance travelled by
oscillator is 4A in periodic time

The number of oscillations completed by simple harmonic oscillator in one second is
defined as frequency. Sl unit is s or hertz (H)

It is denoted by fand f=1/T

2n times the frequency of an oscillator is called the angular frequency of the oscillator

It is denoted by w. Its Sl unit is rad s%, w = 2mf.

If we draw the graph of displacement of SHO against time as shown in figure, which is as
shown in figure

www.spiroacademy.com




PHYSICS NOTES www.spiroacademy.com

E

A
/]\ p
5 O = -
T _:.‘E
3 A
W

Mathematical equation is the function of time

x(t) = Asin(wt +¢) ----- eq(1)

Here X(t) represents displacement at time t

A = Amplitude

(wt + ) =Phase

¢ = Initial phase (epoch) for a given graph ¢=0.

If oscillation have started from negative x end (M) then initial phase is —t/2
If oscillation stated from positive end (N) then initial phase is /2

w = angular frequency

|-—|

Displacement
=]

Velocity
Velocity of oscillator is

B dx(t)

v(t) =—2

v(t) = wAcos(wt+ @)

v(t) = twA (\/1 —sin?(wt + (p))
v(t) = tw (\/A2 — A?%sin?(wt + (p))

From eq(1)

v(t) =t w (\/AZ - xz)

Velocity is maximum at x = 0 or equilibrium position v =t wA
Velocity is minimum at x = A or extreme positions v=0
Note that velocity is out of phase of displacement by /2

Acceleration

3 dv(t)

alt) =—2

a(t) = -w2Asin(wt + ¢)
a(t) = -w2x(t)
At x = 0 ,accelerationisa=0
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And maximum atx = +A ,a =+ w?A
Note velocity is out of phase of displacement by 1

Solved Numerical
Q) A particle moving with S.H.M in straight line has a speed of 6m/s when 4m from the
centre of oscillations and a speed of 8m/s when 3m from the centre. Find the amplitude of
oscillation and the shortest time taken by the particle in moving from the extreme position
to a point midway between the extreme position and the centre
Solution
From the formula for velocity

v(t) =iw( Az—xz)

6 =+ w(Vaz-42)
And
8 =+ w (A2 -3?)
By taking ratio of above equations
6 A? — 42
8 - A2 — 32
On simplifying we get A=5m
On substituting value of A in equation
6 == a)( A? — 42)
6 =+ w(V52—42)
w=2rad
From the equation for oscillation
X(t) = Asin(wt +¢)
4 Asin2t
— = Asin
2
0.5 =sin2t
= 2t=1/6
T
=17
I’ﬂ * * * X t=1/12 this is the time taken by oscillator to move from
C P centre to midway
*—_T;D" %—* Now Time taken by oscillator to move from centre to

extreme position is T/4
As T =21 /w thus
Time taken to reach to extreme position from the centre =

T_27r_ 2T

4 4w 4X2

s
4
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Now time taken to reach oscillator to reach middle from extreme point is =

T TT T

1712765

Q) A point moving in a straight line SHM has velocities v1 and v2 when its displacements
from the mean position are x1 and xz respectively. Show that the time period is

2 2
X1 — X3

2

2r |~ 3
Uy — Vg

Solution
From the formula for velocity

v(t) =t w (\/AZ — xz)

v} = w2(4? — )

V1
A? =§+xl2 ———eq(1)
2
v
A? _w_22+x22 —— —eq(2)
From equation (1) and (2)
2 2
V1 U3
—2+X12 —2+X22
2 2
S T
w? W

TZ
s 08 = D) = 3% = 33
2 2
X1 — X3
T =2 |— >
Uy — Vg
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Relation between simple harmonic motion and uniform circular motion

y
Q
Vy ot+

X = Acos(wt+ )

T=>0

In figure shown Q is a point moving on a circle of
radius A with constant angular speed w (in rad/sec). P
is the perpendicular projection of Q on the horizontal
diameter, along the x-axis.

Let us take Q as the reference point and the circle on
which it moves the reference circle. As the reference
point revolves, the projected point P moves back and
forth along the horizontal diameter

Let the angle between the radius OQ and the x-axis at
the time t=0 be called ¢. At any time t later the angle
between OQ and the x-axis is (wt+ ¢), the point Q
moving with constant angular speed w. The x-
coordinate of Q at any time is, therefore

i.e. P moves with simple harmonic motion

Thus, when a particle moves with uniform circular motion, its projection on a diameter
moves with simple harmonic motion. The angular frequency w of simple harmonic motion
is the same as the angular speed of the reference point.

The velocity of Q is v = wA. The component of v along the x-axis is

Vx = -vsin(wt+ )
V= - wAsin(wt+ ),

Which is also the velocity of p. The acceleration of Q is centripetal and has a magnitude,

a=w?A

The component of ‘a’ along the x-axis is

Ay = -acos(wt+ ¢),
Ax = -w2 Acos(wt+ ¢),
Which is the acceleration of P

The force law for simple harmonic motion

We know that

F=ma
As a = -w2x(t)
F=-mw?x(t)

This force is restoring force

According to Hook’s law, the restoring force is given by

F = -kx(t)
With k as spring constant
Thus k = m w?
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~ angular frequency

And frequency of oscillation

1 |k
f=— |—

2T . |m

In many cases, the simple harmonic motion can also occur even without spring. In that
case k is called the force constant of SHM and it is restoring force per unit displacement
(K= -F/x)
Solved numerical
Q) A spring balance has a scale that reads 50kg. The length of the scale is 20cm. A body
suspended from this spring, when displaced and released, oscillates with period of 0.6s.
Find the weight of the body
Solution:
Here m = 50kg
Maximum extension of springx=20-0=20cm =0.2 m
Periodic time T = 0.6s
Maximum force F = mg
F=50%x9.8=490N
K =F/x=490/0.2 =2450 N m*
As

-~

B (0.6)% x 2450 2236k
T 4x 3142 oM
~ Weight of the body = mg =22.36 X9.8 =219.1 N = 22.36 kgf

www.spiroacademy.com




PHYSICS NOTES www.spiroacademy.com

Examples of simple harmonic motion

Simple pendulum

A simple pendulum consists of a heavy particle suspended from a fixed support through a
light, inextensible and torsion less string

The time period of simple pendulum can be found by force or torque method and also by
energy method

(a)Force method: the mean position or the equilibrium position of the simple pendulum is
when 0 = 0 as shown in figure(i). the length of the string is |, and mass of the bob is m
When the bob is displaced through distance ‘x’, the forces acting on it are shown in
figure(ii)

The restoring force acting on the bob to bring it to
the mean position is

F =-mgsinB ( -ve sign indicates that force is
directed towards the mean position)

For small angular displacement

Sin® =0 = x/I
X
. F=-mg-
. mgsing mgcoso Xl
(i) .. mg g = —g
(i) tA=797
Comparing it with equation of simple harmonic motion a = -w?x
9
2 _ 2
T
R ]
[
Time period
2T l
T =—=2m |—
w g

(b)Torque method:
Now taking moment of force acting on the bob about O
T = —(mgsinf)l —— —eq(1)
Also from Newton’s second law
t=Ila ———eq(2)
From equation(1) and (2)

la = —(mgsin®)l
Since 6 is small
la = —(mg0)l
But Moment of inertia | = ml?
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ml?a = —(mg0)l
-

Comparing with simple harmonic motion equation ,a = - w20

w= |2

[
21 [
T=—=2m|—
w )

Note: component of force mgcosB cannot produce torque because it passes through fixed
point

(c) Energy method:
Let the potential energy at the mean position be zero. Let the bob is displaced through an
angle ‘0’. Let its velocity be ‘v’

Then potential energy at the new position

U = mgl(1-cosB)

Kinetic energy at this instant K = (1/2) mv?

Total mechanical energy at this instant

E=U+K

E = mgl(1-cosB) + (1/2) mv?

We know, in simple harmonic motion E = constant

dE_0
dt
= l['0d0+ dv—O
mg Sin dt mvdt—
Bur v = wl
. _lde
U= dt
. l['9d9]+ ld@dv_o
SIS T e
. glsind] + 22 = 0
S glsin dt_
dv_ _ (sind] 0
dt—a— glsinf] = g

But 6 = x/I
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B X
a=-—g i
But a=-w>x
g
A
. l
wo [
l
Periodic time
2T [
T=—=2m |-
w g

(a)Simple pendulum in a lift:

If the simple pendulum is oscillating in a lift moving with acceleration a, then the effective
g of the pendulum is

geff = gta

+ sign is taken when lift is moving upward

- ve sign is taken when lift is moving downward

Hence periodic time of pendulum

I
gta

T =21

(b)Simple pendulum in the compartment of a train
If the simple pendulum is oscillating in a compartment of a train accelerating or retarding
horizontally at the rate ‘a’ then the effective value of g is

Jerr = 9% + a?

!

Hence periodic time of pendulum

T =21

(c)Seconds pendulum

The pendulum having the time-period of two seconds, is called the second pendulum. It
takes one second to go from one end to the other end during oscillation. It also crosses the
mean position at every one second

Solved Numerical
Q) Length of a second’s pendulum on the surface of earth is |1 and |, at height ‘h” from the
surface of earth. Prove that the radius of the earth is given by
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hl,

R,
V=L

l
2 =21 | =
g

Solution:
Period of second’s pendulum is 2sec

And g at surface of earth is given by

_GM,
l,RZ
n2=2 - —— 1
™ on eq(1)
g at height h from surface of earth is
GM,
9= 705 12
(R, +h)

Thus at height h

,lz(Re + h)?2
2=2m — ———eq(2)

From equation(1) and (2) we get

LR+ |LR?
T em, " lom,

,(R, + h)*> = LR;
JI; Re +h) =l R,
\/Eh=Re(\/l_1_\/E)
_w
N

R,

Combinations of springs
Series combination

I, Ic, m

As show in figure consider a series combination of two massless spring of spring constant
ki and k;

10
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In this system when the combination of two springs is displaced to a distance y, it
produces extension x1 and xz in two springs of force constants k1 and k.
F= —k1X1 ; F= —kzXz

where F is the restoring force.
1 1
X=x+x =—F[—+—]
1 2 k1 kz
We know that F = —kx
x =-F/k
From the above equations,

1 1 N 1
k ki k,
kik
| = ke
ki+k,
Time period T
_ m(k, + k)
- kik,
Frequency f
1 kik,

f= %% e + 1)

If both the springs have the same spring constant,
k1 = k> = k. then equivalent spring constant k’ = k/2

m(2)
T =2m |——
Tk

_1 k’_l k
f_Zn m  2m.2m

www.spiroacademy.com
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Parallel combination

(i) Consider a situation as shown in figure where a body of mass m is attached in between
the two massless springs of spring constant ki1 and k.. let the body is left free for SHM in
vertical plane after pulling mass m In this situation when a body is pulled
lower through small displacement y. lower spring gets compressed by y,
while upper spring elongate by y. hence restoring forces F1 and F, set up in
both these springs will act in the same direction.

Net restoring force will be

F=F1+F;

F=- k1y -kzy

F=-(ki+k2)y

If k’ is the is equivalent spring constant then
F=-k'y thus

k' = ki + ka

Now periodic time T

T—Z\/m— m
TENE T |k + Ky
1K1 kg
f_Zn m 27 m
T =2 /m
~ 2k

(i) Two massless springs of equal lengths having force constants ki1 and k; respectively are
suspended vertically from a rigid support as shown in figure. At their free ends, a block of

appsissiiresisessss NASSM having non-uniform density distribution is suspended so

that spring undergoes equal extension
F In this situation two bodies are pulled down through a small

FII I 2 distance y and the system is made to perform SHM in vertical
plane
Here, the springs have different force constants. Moreover the
increase in their length is same. Therefore, the load is distributed
equally between the springs. Hence, the restoring force
developed in each spring is different.
If F1 and F; are the restoring forces set up due to extension of springs, then
F1=-kiyand F2 = kyy
Also the total restoring force
F=F1+F;
F=F1+F

Frequency

If k1 = kz = k then

m

12
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F=-kiy -kay

F=- (ki +ka2)y

If k" is the is equivalent spring constant then
F =-k'y thus

k' = ki + ka2

Frequency and periodic time will be same as given in (i)

Q) A small mass m is fastened to a vertical wire, which is under tension T. What will be the
natural frequency of vibration of the mass if it is displaced laterally a
1( : slight distance and then released?
b
4O

Solution

Sphere is displaced by a very small distance x thus angle formed is also
small

Using trigonometry we can find Restoring force Fo= Tsin® = T(x/b)

Now restoring force per unit displacement ki = Fp /x =T/b

Fc=TsinB® = T(x/c)

Now restoring force per unit displacement ka = Fc /x = T/c

Since both restoring forces are parallel combination

>
C% ?'%

T, T

1 5*e
21T m

13
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Q) The spring has a force constant k. the pulley is light and smooth while the spring and
ceeeeeee the string are light. If the block of mass ‘m’ is slightly displaced vertically and
released, find the period of vertical oscillation

———

VELEEERRAL,

Solution: When mass m is pulled by distance of x, increase in length of spring is x/2 as
explained below
Xo + l1 = constant
dxo be the increase in length of spring
dXo + d|1 =0
and dxo + dl; = x
Thus 2dxo + dl1 + dl; = x
@ As string is inextensible dl1 + dl. =0
2

%

Xo :

ARERRRR

Thus 2dxo = x or dxo = x/2

Before pulling mass m spring was in equilibrium

2To = kxo

And To=mg

Thus 2mg = kxo

When spring stretch by x/2 then tension in spring is T

F:k(x0+;)
Or2T=k(x0+§)
kx
2T=kx0+7
kx
2T:2To+7
2T — 2T, :k_x
)

T _kx

07 4

Restoring force on mass mis T-To which is proportional to displacement

www.spiroacademy.com
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Thus restoring force constant k’ = k/4

Period of oscillation

T—Z\/m—Z m_4\/ﬁ
—TL'E—H'E—T[E
4

Differential equation of simple harmonic motion
According to Newton’s second law of motion

d?y(t)
F = ma = qr?
Comparing this with F = -ky(t)
d’y(t)
= —ky(®
d?y(t) k
a2 = Y@
d’y(t)
dtz - _wzy(t)
d?y(t)
1iz + w?y(t) =0

This is the second order differential equation of the simple harmonic motion. The solution
of this equation is of the type

Y(t) = A sinwt or y(t)=Bcoswt

Or any linear combination of sine and cosine function

Y(t) = Asinwt + Bcoswt

Solved Numerical
Q) The SHM is represented by y = 3sin314t + 4cos314t. y in cm and in t in second. Find the
amplitude, epoch the periodic time and the maximum velocity of SHO
Solution
Y = Asin(wt + @)
Y = A cos@sin wt + Asingcoswt
Comparing with 3sin314t + 4cos314t
3 = Acos@ and 4 = Asin@
o A? cos? + A%sin?g = 32 + 42

15
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A?=25
A=5cm
The initial phase (epoch) is obtained as
sinp 4
tang = =—
cosp 3
ran (5)
=tan™ (=
¢ 3
@ = 53°8'
Now
_ 21 _ 2 — 0.02
w314
Maximum velocity
Vimax= WA =314 X 5=1570 cm/s
2
Q) The vertical motion of a ship at sea is described by the equation % = —4x where x in

metre is the vertical height of the ship above its mean position. If it oscillates through a
total distance of 1m in half oscillation, find the greatest vertical speed and the greatest
vertical acceleration.

Solution

Comparing given with standard equation for oscillation we get

w’=4orw=2

given amplitude A=1/2

Vmax= WA =2X (1/2) = 1m/s

Amax = W2 A =22 X% (1/2) =2 m/s?

Total Mechanical Energy in Simple Harmonic Oscillator
The total energy (E) of an oscillating particle is equal to the sum of its kinetic energy and
potential energy if conservative force acts on it.

Kinetic energy
Kinetic energy of the particle of mass mis
1 1
K= Emv2 = Ema)z(A2 —x%) ———eq(1)
Potential energy

From definition of SHM F = —kx the work done by the force during
the small displacement dx is dW = —F.dx = —=(—kx) dx = kx dx
-~ Total work done for the displacement x is,

X
W=]dw=kadx
0

16
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x 1
W= j mw?x dx = Emwzx2
0
This work done is stored in the body as potential energy
1
U= Emouzx2 -——(2)

Total energy E=K+ U

1 1
E = Ema)z(A2 —x?)+ Emwzxz

1
E =-mw?A?
5 ma

Special cases
(i) When the particle is at the mean position x= 0, from eqn (1) it is known that kinetic

: : : - 1
energy is maximum total energy is wholly kinetic K4, = Ema)zA2

and from eqn. (2) it is known that potential energy is zero.

(i) When the particle is at the extreme position y = +a, from eqn. (1) it is known that
kinetic energy is zero and from eqgn. (2) it is known that Potential energy is maximum.

Hence the total energy is wholly potential. U4, = %msz2

(ii)\When y = A/2
1 Ay?
K= Ema)z [AZ — (E) ]

371
K = —(Emszz)

1/1
— _ = 212
U—4(2mwA>

If the displacement is half of the amplitude Kand U are in the ratio 3 : 1,

Solved numerical
Q) If a particle of mass 0.2kg executes SHM of amplitude 2cm and period of 6 sec

find(iOthe total mechanical energy at any instant (ii) kinetic energy and potential energies

when the displacement is 1cm
Solution:
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2 2w

w=—=—

T 6

(i)Total mechanical energy at any instant is given by
1

E = Emszz

1 2m\*
E =-=(0.2 (—) 2 X 1072)?
- 02)(Z) )
E=01x2 x4x10-
736
E=439x107%
(ii))K.E. at the instant when displacement x is given by

1
K= Emwz(A2 — x?)

1 2\ > _ _
1(=§au)§g)(4x1o4—1x1o€u

K =3.29x107%
P.E. energy at that instant = Total energy — K.E
= (4.39 -3.29) x10°
=1.1x10"J

Angular Simple Harmonic Motion

A body to rotate about a given axis can make angular oscillations. For example, a wooden
stick nailed to a wall can oscillate about its mean position in the vertical plane

The conditions for an angular oscillation to be angular harmonic motion are

(i)When a body is displaced through an angle from the mean position, the resultant torque
is proportional to the angle displaced

(ii)This torque is restoring in nature and it tries to bring the body towards the mean

position
O
g If the angular displacement of the body at an instant is 8, then resultant
torque on the body
T=-kO
if the momentum of inertia is I, the angular acceleration is
- Tk p
6 CTITTI
Or
L | dzg — 2
gz @ 8 ———eq(l)
Here

18
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Ck
“= 7

Solution of equation (1) is
0 = 0o sin(wt + @)

Where Bpis the maximum angular displacement on either side. Angular velocity at time ‘t’
is given by
do

w=—r= Bywcos(wt + @)

Physical pendulum
An rigid body suspended from a fixed support constitutes a physical pendulum.
As shown in figure is a physical pendulum. A rigid body
is suspended through a hole at O. When the centre of
N mass C is vertically below O at a distance of ‘I, the body
\ may remain at rest.
/ ! The body is rotated through an angle 8 about a
0 #  horizontal axis OA passing through O and perpendicular
/ to the plane of motion The torque of the forces acting

on the body, about the axis OA is T = mglsinB, herel =
7 . oC

If momentum of inertia of the body about OA is |, the

angular acceleration becomes

T mgl 9
a=s= Ism

For small angular displacement sin@ = 0

L

Comparing with o = - 0?0

Solved Numerical

Q) A uniform meter stick is suspended through a small-hole at the 10cm mark. Find the
time period of small oscillations about the point of suspension

Solution:

19
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— .-~ Let the mass of stick be M. The moment of inertia of the stick about the axis

- of rotation through the point of suspension is
Aoem I—M—lZ+Md2—M £+d2
12 12

Centre of mass of the stick is at 50 cm from top thus it is at distance 40 cm
from the small hole thus d = 40 cm, given length of stick = 1m
Time period

L1 (0.4

12
T =2x3.14
3 9.8 x 0.4

T=1.56 sec
Torsional pendulum
In torsional pendulum, an extended body is suspended by a light thread or wire. The body
is rotated through an angle about the wire as the axis of rotation.
The wire remains vertical during this motion but a twist ‘0’ is produced in the wire. The
twisted wire exerts a restoring torque on the body, which is proportional to the angle of
the twist.
T -0 ;T=-k0; kis proportionality constant and is called torsional constant of the
wire. If | be the moment of inertia of the body about vertical axis, the angular

acceleration is
o = — 0 = . )29
1 1

(1):7

Time period T = U Zn\ﬁ
w k

20
www.spiroacademy.com




PHYSICS NOTES www.spiroacademy.com

Q) The moment of inertia of the disc used in a torsional pendulum about the suspension
wire is 0.2 kg-m?2. It oscillates with a period of 2s. Another disc is placed over the first one
and the time period of the system becomes 2.5 s. Find the moment of inertia of the
second disc about the wire

Solution

Let the torsional constant of the wire be k

T =2 !
=21 .
0.2
2=2m |— ———eq(1)
k
When a second disc having moment of inertia |1 about the wire is added, the time period is
02+1,
25=2rm ———eq(2)
k
From eq(1) and (2)
l; =0.11 kg-m?

Two Body System

In a two body oscillations, such as shown in the figure, a spring connects two objects, each
of which is free to move. When the objects are displaced and released, they both oscillate.
The relative separation xi1- xz gives the length of the spring at any time. Suppose its
unscratched length is L; then x = (x1 — x2) — L is the change in length of the spring, and

F = kx is the magnitude of the force exerted on each particle by the spring as shown in
figure.

Applying Newton’s second law separately to the two particles, taking force component
along the x-axis, we get

d?x, d?x,
mq F = —kx and m, F = +kx
Multiplying the first of these equations by m; and the second by m; and then subtracting,
d?x, d?x, " "
mm,———mm,——— = —mykx —mykx
1Mz~ 12 1Mz~ 2 2 1

This can be written as
mym, d?
(m; + m,) dt?

(x1 — %) = —kx

dZ
HW(M —x) = —kx ———eq(1)
Here pis known as reduced mass and has dimension of mass
m;m
="
(m; + my)

21
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Since L is constant

d? d? dx
ﬁ(h —X2) =W(X+L) =
Equation (i) becomes
d?x
g = TR
d’x  k
dt2 pu

Thus periodic time

K rod. The balls are interconnected by a light spring
..... FHH ——  of spring constant 24 N/m. the left hand ball is
imparted the initial velocity vi= 12 cm/s.

Find (a) the oscillation frequency of the system (b) the energy and amplitude of oscillation

Solution
Reduced mass
mym, 1x2 2
my+m,) 1+4+2 3
Frequency
f=1/T
_ 1 |k
f= 2w U
_ 1 24 X 3 — 0.95E
f=ox31a| 2 = 0955 sec

Initial velocity given to mass m1 is vi
For undamped oscillation, this initial energy remains constant
Hence total energy of S.H.M. of two balls is given as

1 2
E= E!“H
If amplitude of oscillation is A then
1 1kA2
M =3
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U
A = Evl

2
= X 0. =0U.
A 3% 24 0.12=0.02m

OrA=2cm

Damped oscillation
Experimental studies showed that the resistive force acting on the oscillator in a fluid
medium depends upon the velocity of the oscillator
Thus resistive force or damping force acting on the oscillator is
Fg X v
“ Fqa=-nv
Here b is damping constant and has Sl units kg/second. The negative sign indicates that
the force Fqopposes the motion
Thus, a damped oscillator oscillate under the influence of the following forces
(i)Restoring force Fx = - kx and
(i) Resistive force Fq = -bv
Net force F = Fx + Fyq
According to second law of motion

ma = -ky — bv
d’x L bdx
Mz = 79" P4
d’x bdx k
+——+—y=0 ——-—eq(1)

dtz ' 'mdt m
Solution of this equation is
x(t) =4 e "/am sin(w't + @)
Here A e_bt/Zm is the amplitude of the damped oscillation and decreases exponentially
with time
The angular frequency w’ of the damped oscillator is given by
k b?

m 4m?

Energy of oscillator
E= %kAZe_bt/m
Above equation is valid only if b << \/(km)
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Natural Oscillations

When a system capable of oscillating is given some initial displacement from its
equilibrium position and left free ( i.e. in absence of any external force) it begins to
oscillate. Thus the oscillations performed by it in absence of any resistive forces are known
as natural oscillations. The frequency of natural oscillations is known as natural frequency
fo and corresponding angular frequency is denoted by w°

Forced Oscillation
Oscillations of the system under the influence of an external periodic force are forced
oscillation
Consider an external periodic force F = Fo sinwt acting on the system which is capable to
oscillate
Equation for oscillation can be witten as

d?x dx

mﬁ+ ba+ ky = Fysinwt

d2x+bdx+k Fo .

—+ ——+—y = —sinw

Atz mdt  m’ m

The solution of equation is given by
X =Asin(wt + @)

Here, A and @ are the constants of the solution they are found as,

Fy
A= I
[m?(wi — w?)? + b2w?] /2
WX
@ =tan ! —
Vo

Here m is the mass of oscillator, vo is velocity of oscillator, x is the displacement of
oscillator.
(i) for small damping factor

m(wi — w?) > bw
Equation for amplitude becomes

Fy
A= 5
m?(w§ — w?)?

(i) For large damping factor
bw >» m(wi — w?)

If when value of w approaches wothe amplitude becomes maximum. This phenomenon is
known as resonance. The value of w for which resonance occurs is known as the resonant
frequency.
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Solved numerical
Calculate the time during which the amplitude becomes A/2" in case of damped
oscillations, where A = initial amplitude

Solution:
A(t) = Ae "lam
But A(t)=A/2"
A —bt
oo 2_7’1 = Ae /Zm
Taking log to the base e on both sides
% = nln2
. 2mnin2 _ 2mn (0.693)
bt bt
END
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